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Submodularity and submodular set functions play a fundamental and
unifying role in combinatorial optimization. A cornerstone result is a strongly
polynomial-time algorithm for submodular function minimization. It was
also realized early on that submodular set function maximization has sev-
eral applications, notably for monotone functions with matroid constraints.
However, most of the maximization problems of interest are NP-hard. The
work of Cornuejols, Fisher, Nemhauser, and Wolsey in the late 70’s ana-
lyzed a simple greedy algorithm and also local search in the framework of
approximation algorithms.

In the last twenty years there has been a resurgence of interest in under-
standing various aspects of submodular set function maximization (and also
minimization) including approximation algorithms, lower bounds, and appli-
cations. The impetus for this renewed interest came from both theoretical
developments and applications in several areas including algorithmic game
theory, data analysis, machine learning, stochastic optimization, and others.

The purpose of this manuscript is to bring together, in one place, a number
of new, exciting, and useful results that have been obtained since 2005. The
classical greedy algorithm has been extended and refined in various ways.
Local-search has been shown to yield a number of new results, especially for
nonnegative functions. A mathematical programming methodology based on
the multilinear relaxation has provided a powerful new methodology along
with novel tools. The symmetry gap technique has provided a unified way
to prove lower bounds. The combination of the past and recent techniques
have yielded a number of new algorithms and hardness results, tight results
in some fundamental settings, and new structural results such as correlation
gaps and concentration bounds. This manuscript focuses on polynomial-
time approximation algorithms for nonnegative submodular functions and
associated technical ideas.
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