Combinatorial Optimization Prof. Laszl6 Végh
Winter Term 2026,/2027 Matthias Kaul, Tamés Schwarcz

Exercise Set 2

Exercise 2.1. Let G = (AUB, E) be a bipartite graph with n = |A] > |B|, and
consider the following algorithm for maximum matching. For an edge set F' C F,
and let dp(v) denote the number of edges incident to v € AUB.

Throughout, we maintain /' C FE such that dp(v) = 1 for all v € B (but ver-
tices in A may have arbitrary degree). Further, we maintain labels h : A —
{0,1,2,...,n}. Initially, we select F' by picking for each v € B an arbitrary edge
incident to v, and set h(u) = 0 for every u € A.

In every step of the algorithm, if dp(u) < 1 for all u € A, then we terminate by
returning F. Otherwise, we select a vertex u € A with dp(u) > 2 and h(u) < n.
If there exists (u,v) € F and (w,v) € E'\ F such that h(u) = h(w) + 1, then we
replace F' by (F'\ {(u,v)}) U {(w,v)}. If no such (u,v) and (w,v) exist, then we
increase h(u) by 1.

Finally, if h(u) = n for all vertices u € A with dp(u) > 2, then we remove from F'
arbitrarily all but one edges incident to the nodes {u : h(u) = n}, and return the
remaining edges from F'.

(a) Show that in every step of the algorithm, dp(v) = 1 for all v € B. If
dp(u) =0 for u € A, then h(u) = 0.

(b) Show that in every step of the algorithm, for every u,w € A, v € B such
that (u,v) € F and (w,v) € E'\ F, it holds that h(u) < h(w) + 1.

(c) Assume at some point of the algorithm there is a node u € A with dp(u) > 1
and h(u) = n. Show that there exists a value r € {0,1,...,n} such that
there exists no v’ € A with h(u') = r. Further, let Y ={u € A | h(u) > r},
and let X = {v e B | JueY, (u,v) € F} denote the set of items in B
that are mapped by F' to Y. Show that I'(X) = Y, and therefore X violates
Hall’s condition.

(d) Show that the set F' returned by the algorithm is a maximum matching.

(e) What is the best running time bound you can come up with for this algo-
rithm?

(143434342 points)
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Exercise 2.2. Let G be a 3-regular undirected graph.

(a) Assume G is simple. Show that there is a matching in G covering at least
(7/8) - [V (G)| vertices.

(b) Give an example to prove that the bound of item () is tight.
(c) Show that the assumption that G is simple in item @ is necessary.

(2++1+1 points)

Deadline: October 27", before the lecture. The websites for lecture and exer-
cises can be found at:

https://ecampus.uni-bonn.de/ilias.php?baseClass=ilrepositorygui&
cmdNode=z6 :n8&cmdClass=110bjCourseGUI&ref 1d=4281645

In case of any questions feel free to contact us at mkaul@uni-bonn.de or tamas.schwarcz@uni-
bonn.de.
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